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(1) Let f: R™ — R be a C*®-smooth function. Let ¢ € R be a regular value for
f such that S = f~{q} # 0.
i) Prove that S is a smooth manifold of dimension n — 1
ii) Let p € 5. Show that the tangent space T,S = KerD f(p).
ili) Calculate T,S™, where S™ C R**! is the standard unit sphere.
)

iv) Show that the tangent bundle of the sphere S™ C R is the set

{(z,v) € 8" x R*"! :< v, 2 >=0}.

where < .,. > is the standard inner product in R**1,
(20 marks)

(2) Define a function F : R®" x R® — R by
Flz,y) =<,y >,

where < .,. > 1is the standard inner product in R™
i) Find DF(a,b)
ity If f: R — R™ is differentiable and |f(t)| = 1 for all t € R. Show that

< (f't)7T, f(t) >=0 for all t € R.
(10 marks)

(3) Let U be an open subset of R". f; € C*°(U), i=1,...,n. Show that
P _ A 1 n

dfy A -+ AN dfy, = det @dﬁ Ao nda™|

where z',...,x™ are the coordinates of R™.

(10 marks)

(4) i) Calculate the Riemannian metric of S* induced from the standard Rie-
mannian metric of R3.
ii) What is the connection in R® with respect to the standard Riemannian
metric < .,. >¥¢
iii) Calculate the Levi-Civita connection of S* with above mentioned Rie-
mannian metric.
iv) Find the Levi-Civita connection of any surface S in R3, where the Rie-
mannian metric on the surface is induced by the standard Riemannian

metric in R3.
(24 marks)

Note: You can use well-known theorems taught in the class, but you need to write
precise statement of the theorem you are using.



